We report the first results from our comprehensive lattice tool set to explore non-perturbative aspects of Higgs physics in the Standard Model. We demonstrate in Higgs-Yukawa models that Higgs mass lower bounds and upper bounds can be determined in lattice simulations when triviality requires the necessity of a finite cutoff to maintain non-zero interactions. The vacuum instability problem is investigated and the lattice approach is compared with the traditional renormalization group procedure which sets similar goals to correlate lower and upper Higgs mass bounds with the scale of new physics. A novel feature of our lattice simulations is the use of Ginsparg-Wilson fermions to represent the effects of Top quark loops in Higgs dynamics. The need for chiral lattice fermions is discussed and the approach is extended to full Top-Higgs-QCD dynamics. We also report results from our large N F analysis of Top-Higgs Yukawa models to gain analytic insight and to verify our new lattice tool set which is deployed in the simulations. The role of non-perturbative lattice studies to investigate heavy Higgs particle scenarios is illustrated in extensions of the Standard Model.
Introduction
The search for the Higgs has become a major issue in particle physics as the LHC is nearing its completion. The Standard Model (SM) cannot be considered complete given that the Higgs is as-yet unobserved and it is not clear how Electroweak symmetry is broken in nature. If the Higgs is seen, its properties could tell us about physics beyond the Standard Model, such as the energy scale of a more fundamental theory. The current lower bound for the Higgs mass from direct searches is 114. 4 GeV [1] . The Higgs mass can also be inferred indirectly by fitting the Standard Model to a host of Electroweak precision measurements. The best perturbative fit gives m H = 76 +33 −24 GeV, so the data certainly seem to prefer the Higgs to be light [2] . However, the global fitting procedure, which favors a surprisingly low Higgs mass, has its own intrinsic issues, perhaps a hint that deviations from the Standard Model are already present [3] . Larger Higgs masses together with new physics threshold effects at the TeV scale will require new extended analysis [4, 5] where non-perturbative effects may come into play.
Based on the assumption that the Standard Model is only valid up to some energy scale, lower and upper bounds on the Higgs mass were established before without relying on input from Electroweak precision measurements. Bounds on the Higgs mass are valuable for two reasons. Firstly, they cut down the parameter space where one searches for a Standard Model Higgs. Secondly, if the Higgs is found, measuring its mass and knowing the bounds it must obey would indicate the maximum energy scale up to which the Standard Model can work. In phenomenology, the origin of the lower bound is thought to be the vacuum instability the Top quark loop would generate, if the Higgs mass were too light. The upper bound in phenomenological analysis is simply calculated by not allowing the running Higgs coupling λ (t) to become strong at the cutoff scale Λ which represents new physics before λ (t) would run into the fictitious Landau pole. These ideas on lower and upper Higgs mass bounds have been applied to the Standard Model for almost 30 years and have been increasingly refined.
The bounds given by the state-of-the-art cal- culations were reviewed in [6] and shown in Figure 1 , based on the original work in [7] and [8] .
There are several things one can learn from this plot. The Standard Model apparently cannot generate a Higgs boson heavier than 1 TeV without strong Higgs self-interactions and a low threshold for new physics in the TeV range, a scenario not consistent with the perturbative loop expansion of the Electroweak precision analysis. What non-perturbative modifications on the TeV scale would support a heavy Higgs particle, consistent with Electroweak precision data, is one of the motivations for our lattice studies [4, 5] . The lower bound is interesting for today's phenomenology, given the current experimental limits. If the Higgs mass is around 100 GeV, this would intersect with the lower bound in Figure 1 somewhere between 10 and 100 TeV, beyond which apparently new physics should enter.
One major goal of our lattice Higgs project is to understand the role of vacuum instability and the Landau pole in an exact non-perturbative setting when the intrinsic cutoff in the Higgs sector is not removable and low in the TeV range. Another goal is to explore the role of nonperturbative Higgs physics from the lattice in extensions of the perturbative SM analysis, including the possibility of a heavy Higgs particle within the Higgs reach of the LHC.
The outline of this paper is as follows. In section 2 we will report results from the large N F analysis of the Top-Higgs Yukawa model of a single real scalar field coupled to N F fermions. The influence of the non-removable intrinsic cutoff (triviality) on the exact renormalization group (RG) flow is exhibited. The vacuum instability problem of the model is discussed on the lattice in section 3 and compared with the traditional renormalization group procedure of the Standard Model (earlier versions of this work on vacuum instability have been discussed in [9] and [10] ). In section 4 we present the Wilsonian view on the renormalization group as applied to the vacuum instability and Higgs lower bound problems. The first lattice simulation results on the Higgs mass lower bound, using chiral lattice fermions in Top-Higgs Yukawa models, are reported in section 5.
Using the higher derivative (Lee-Wick) extension of the Higgs sector [11, 12, 13] , we will illustrate in section 6 how non-perturbative lattice studies might help to investigate heavy Higgs particle scenarios in the 500-800 GeV Higgs mass range relevant for future LHC physics. Constraints from Electroweak precision data on the heavy Higgs particle are briefly discussed.
Top-Higgs Yukawa model in large N F limit
For pedagogical purposes, we first consider a Higgs-Yukawa model of a single real scalar field coupled to N F massless fermions. The saddle point approximation in the large N F limit becomes exact and this will allow us to demonstrate that the theory is trivial. We will also calculate the flow of the renormalized couplings as a function of the energy scale to identify problems with the vacuum instability scenario when the intrinsic cutoff is non-removable. Similar behavior is expected at finite N F which requires non-perturbative lattice simulations. where we have introduced the wavefunction renormalization factors Z φ = 1 + δ z φ , Z ψ = 1 + δ z ψ and renormalized parameters with their corresponding counterterms. The connections between the bare and renormalized parameters are
Renormalization scheme
In the limit where N F becomes large, all Feynman diagrams with Higgs loops are suppressed relative to those with fermion loops. Hence, two of the counterterms vanish, δ y = 0, δ z ψ = 0, as there are no radiative corrections to the fermion propagator or to the Higgs-fermion coupling. Let us specify the renormalization conditions which determine the remaining counterterms. In the large N F limit, the renormalized Coleman-Weinberg effective potential [14] is
containing the tree-level contributions from the renormalized parameters and their counterterms, and the infinite sum of all diagrams with one fermion loop and an even number of external φ legs. The factor N F comes from all the possible fermions which can appear in the single loop and we use the notation
The vacuum expectation value φ = v is where U eff has an absolute minimum i.e. U ′ eff (v) = 0. In the Higgs phase of the theory, v = 0. At tree-level, this gives the relation
coming from the first two terms in Equation (2.4). Our first renormalization condition is that we want to maintain the tree-level relation in Equation (2.5) exactly, giving
The counterterms exactly cancel all the finite and infinite contributions of the radiative diagrams. The same relation can also be determined by demanding that the tadpole diagram is exactly cancelled by the counterterms.
In the Higgs phase, we define the Higgs fluctuation around the vev as φ = ϕ + v. At tree-level, the mass of the Higgs fluctuation i.
In the large N F limit, the inverse propagator of the Higgs fluctuation is 8) where all Higgs-loop diagrams are suppressed relative to the single fermion-loop diagram. We impose the condition that G
which separates into two renormalization conditions:
The renormalization condition Equation (2.10) maintains the tree-level relation in Equation (2.7) exactly. Again, the counterterms precisely cancel all the finite and infinite radiative contributions. We should point out that the Higgs mass defined as the zero-momentum piece of G −1 ϕϕ is identical to that defined via the curvature U ′′ eff (v). This is not the same as the true physical mass given by the pole of the propagator, and these masses can be related to one another in perturbation theory.
The renormalization conditions Equations (2.6) and (2.10) can easily be solved. Because we wish to demonstrate triviality in this theory, we use some finite cutoff in the momentum integrals and examine what occurs as this cutoff is removed. We will use a simple hard-momentum cutoff |k| ≤ Λ. Exactly the same conclusions would be reached using instead e.g. Pauli-Villars regularization. The non-zero counterterms after the loop integration are
As we said earlier, in the large N F limit, the fermion inverse propagator receives no radiative correction,
so we identify the fermion mass as m t = yv (looking ahead to the Top quark), which we substitute into all of the above equations.
Triviality
Let us first consider the regime m t /Λ ≪ 1, where the cutoff is much larger than the physical scale. In this limit, we get
(2.14)
For any finite bare Yukawa coupling y 0 , the Higgs wavefunction renormalization factor Z φ vanishes logarithmically as the cutoff is removed, m t /Λ → 0. This same logarithmic behavior, for any choice of bare couplings, will appear in all of the renormalized couplings, leading to the triviality scenario: a finite cutoff must be kept to maintain non-zero interactions. Explicitly, the renormalized Yukawa coupling is
For the renormalized Higgs coupling, we have
The slow logarithmic vanishing of y and λ allows to have a relatively large separation of cutoff and physical scales and still maintain significant interactions. However, the standard renormalization procedure of removing the cutoff completely gives a non-interacting theory. Although completely unphysical, we can also consider the limit m t /Λ ≫ 1, where the cutoff is much below the physical scale. From Equation (2.12), we see this gives δ λ = 0, δ z φ = 0, and hence Z φ → 1. In this limit, the connection between bare and renormalized parameters is simply λ = λ 0 , y = y 0 . This result is not surprising: deep in the cutoff regime, we simply have the bare theory, with no separation into renormalized parameters and their counterterms. This will be relevant when we discuss whether the vacuum can become unstable.
Renormalization group flow
The physical properties of the theory are fixed as soon as one chooses a complete set of bare parameters. As the cutoff is varied, the renormalized couplings flow in order to maintain exactly the renormalization conditions we have imposed. Using the explicit cutoff dependence of y and λ , we can calculate this Callan-Symanzik flow. In the limit m t /Λ ≪ 1, from Equations (2.15) and (2.16), we have
The same β functions would be obtained in the large N F limit for the running y and λ couplings in scale dependent RG flows using e.g. dimensional regularization, where no cutoff would explicitly appear. (Since increasing Λ corresponds to decreasing mass scale µ, the β functions in Equation (2.17) have opposite signs). It is important to note that the two RG schemes have very different physical meanings: Equation (2.17) describes the response to changing the cutoff whereas the scale dependent RG flow compensates for the arbitrary choice of the renormalization scale at finite cutoff. When the cutoff is far above the physical scales, the finite cutoff effects are negligible and we expect to reproduce the unique cutoff-independent β functions. However, as the cutoff is reduced and m t /Λ increases, this cannot continue to hold indefinitely, as the renormalized couplings must eventually flow to the bare ones, as explained above. Let us demonstrate an explicit example of the Callan-Symanzik RG flow in the presence of a finite cutoff. In the large N F limit, m t = yv = y 0 v 0 . The bare vev is determined by the minimum of the bare effective potential Using a hard-momentum cutoff, this gives
We express all dimensionful quantities in units of the cutoff Λ. We pick some fixed values for λ 0 and y 0 . Varying the value of m 2 0 /Λ 2 changes the solution v 0 /Λ of Equation (2.19) and hence the ratio m t /Λ. As we said, choosing the values of the bare parameters completely determines everything in the theory. For example, to attain a very small value of m t /Λ requires m 2 0 /Λ 2 to be tuned quite precisely. Using Equation Using Equations (2.3) and (2.12), all of the counterterms and renormalized parameters can be expressed in terms of λ 0 , y 0 , m 2 0 and v 0 . Solving this set of simultaneous equations is a simple numerical exercise. We make an arbitrary choice λ 0 = 0.1, y 0 = 0.7 which would correspond to the physical Higgs below its lower bound in phenomenological considerations. Varying the value of m 2 0 /Λ 2 , we explore numerically the range 10 −13 < m t /Λ < 10 2 . The results in a limited range are plotted in Figure 2 . When the cutoff is high, the exact RG flow is exactly the same as if the cutoff had been completely removed and follows precisely the continuum form of Equation (2.17). However, as the cutoff is reduced, the exact RG flow eventually breaks away from the continuum form and reaches a plateau at the value of the bare coupling.
The continuum RG in the above example predicts that λ turns negative at some energy scale as the flow continues. This was used in the past as an indication that the ground state of the theory turns unstable at that scale which would determine the energy scale of new physics necessary to sustain a particular value of the physical Higgs mass (vacuum instability bound). As shown above, the true RG flow with the full cutoff dependence saturates at λ 0 and does not turn negative under the necessary λ 0 > 0 stability requirement of the model. This makes the phenomenological RG method and the apparent vacuum instability quite suspect in the presence of the non-removable finite cutoff which is required by triviality of the renormalized couplings.
The absence of vacuum instability will be demonstrated directly in the next section using the Higgs effective potential. In sections 4 and 5 we will propose a lattice strategy to determine the Higgs mass lower bound in the presence of an intrinsic cutoff without relying on the continuum RG flow. In this new strategy even the λ 0 > 0 condition might be relaxed by adding new irrelevant operators, like the λ 6 Λ 2 φ 6 term, to keep the stability of the cutoff theory intact.
The effective potential and vacuum instability
First, we will present here the RG improved one-loop calculation of the effective potential with unstable vacuum when the cutoff is ignored. Next we show the absence of vacuum instability when the cutoff is correctly enforced.
Continuum 1-loop effective potential
For the Higgs-Yukawa model with N F fermions of Section 2, the 1-loop renormalized effective potential is
where the Higgs-loop contributions are also included now. For consistency, we impose exactly the same renormalization conditions Equations (2.10) and (2.11) used in Section 2, including all the Higgs-loop radiative corrections. Because δ y and δ z ψ are non-zero (we no longer impose the large N F limit), we specify the two additional renormalization conditions. The fermion inverse propagator is
the radiative correction coming from a single Higgs-loop diagram, and we require that
This gives two renormalization conditions,
Again, the counterterms completely remove all the finite and infinite parts of the radiative corrections. We regulate the momentum integrals using e.g. a hard-momentum cutoff. The counterterms and the renormalized effective potential are calculated exactly using a finite cutoff. We then take the naive limit φ /Λ → 0 to remove all cutoff dependence. This ignores the fact that a finite and possibly low cutoff is required to maintain λ , y = 0 (a crucial point why the instability does not occur in the presence of finite cutoff).
The continuum form of the 1-loop renormalized effective potential is given by
where m 2 H = λ v 2 /3. Due to our choice of renormalization conditions, the tree-level vev v = 3m 2 H /λ is not shifted: one can check explicitly that U eff in Equation (3.5) has its minimum at φ = v. The large N F limit can be recovered by omitting the Higgs-loop terms.
RG improved effective potential and vacuum instability
The stability of the ground state is determined by the behavior of U eff for large φ . We see from Equation (3.5) that the dominant terms in this regime are of the form λ 2 φ 4 ln(φ 2 /v 2 ) and −N F y 4 φ 4 ln(φ 2 /v 2 ). The negative fermion term brings up the possibility that the vev v is unstable. Hence stability is determined by the relative values of λ 2 and y 4 , which are related to m H and m t . If the fermionic term dominates at large φ , the minimum at v is only a local one and will decay. If we believe that the vacuum is absolutely stable, then new degrees of freedom must enter at the scale where U eff (φ ) first becomes unstable. For given values of m H and m t , this predicts the emergence of new physics. Turning this around, let us fix m t and ask that no new stabilizing degrees of freedom are needed for φ ≤ E. Then we obtain a lower bound m H (E): if the Higgs is lighter than this, U eff is already unstable for φ below E because the fermion term dominates even earlier.
Improved vacuum instability can be shown via the running renormalized couplings in RG setting. We can define a set of renormalization conditions in the continuum, for example in the MS scheme, where the couplings flow with the renormalization scale µ. The 1-loop RG equations for the Higgs-Yukawa model are
We can set the initial conditions λ (µ = v) = 3m 2 H /v 2 and y(µ = v) = m t /v. If m t is sufficiently heavy relative to m H , the Yukawa coupling dominates the RG flow and dλ /dµ < 0. The renormalized Higgs coupling eventually becomes negative at some µ = E. If the instability occurs at very large φ /v, large logarithmic terms ln(φ /v) in U eff might spoil the perturbative expansion. This can be reduced using renormalization group improvement to resum the leading large logarithms. The dominant terms of U eff at large φ then become λ (µ)φ 4 (µ). Hence λ (E) = 0 indicates that the ground state is just about to become unstable.
The constraint effective potential on the lattice
We can calculate the exact effective potential non-perturbatively, using lattice simulations. This was first shown in the pure Higgs theory by Kuti and Shen [15] . There is some finite lattice spacing a on the lattice which restricts the momenta |p µ | ≤ π/a replacing the sharp momentum cutoff used in section 2. For a Higgs-Yukawa theory with N F fermions, the Euclidean lattice partition function is
where the partial derivatives are replaced by finite lattice differences. If the integrand is positivedefinite, it can be interpreted as a probability density and importance sampling (i.e. Monte Carlo integration) can be used to calculate expectation values, e.g. φ 0 , non-perturbatively with the exact distribution [Det(D)] N F exp(−S). All dimensionful quantities are calculated in units of the lattice spacing a. There is a phase diagram in the bare-coupling space m 2 0 , λ 0 , y 0 . The Higgs phase and the symmetric phase are separated by a second order transition, where the vev, va, and the masses m H a and m t a, vanish. Since the vev and masses are non-zero in physical units, the transition corresponds to the continuum limit a → 0. To make the cutoff Λ = π/a large, the bare couplings must be tuned to be close to the transition line. If we calculate via simulations that e.g. av = aφ ≈ 0.05 for some choice of bare couplings, we can use v = 246 GeV to convert this into a cutoff Λ ≈ 15 TeV, as well as determine m H and m t in physical units.
In a finite space-time volume Ω, we will use the constraint effective potential [15, 16] . For a pure scalar field theory, this is
The delta function enforces the constraint that the scalar field φ fluctuates around a fixed average Φ. The constraint effective potential U Ω (Φ) has a very physical interpretation. If the constraint is not imposed, the probability that the system generates a configuration where the average field takes the value Φ is
This is in very close analogy to the probability distribution for the magnetization in a spin system. The scalar expectation value v = φ is the value of Φ for which U Ω has an absolute minimum. In a finite volume, the constraint effective potential is non-convex and can have multiple local minima [17] . The standard effective potential U eff (Φ) is always convex, even in a finite volume, as the Maxwell construction connects the various minima. The two effective potentials are identical in the infinite-volume limit, lim Ω→∞ U Ω (Φ) = U eff (Φ), and the constraint effective potential recovers the convexity property. In a finite volume, it is more useful to work with the constraint effective potential, where multiple minima can be observed and the transition between the Higgs and symmetric phases is clear. It is also more natural, as the probability distribution P(Φ) can be directly observed in lattice simulations. For the rest of this paper, we drop the subscript Ω.
Hybrid Monte Carlo algorithm and the effective potential
One way to extract the effective potential from lattice simulations is to generate the ensemble of configurations, calculate the average scalar field Φ for each configuration and hence the probability distribution P(Φ). The effective potential is extracted by numerically fitting U eff (Φ) to P(Φ) using Equation (3.9) . This gives the effective potential for all Φ from one simulation, but with limited accuracy. An alternative method is calculate the derivative of the effective potential. For the Higgs-Yukawa model with N F degenerate fermions, the derivative is
The expectation values ... Φ mean that, in the lattice simulations, the scalar field fluctuates around some fixed average value Φ. This method determines the effective potential with greater accuracy than fitting the distribution P(Φ), but the drawback is that a separate lattice simulation has to be run for every value of Φ. This is the method we use in our investigation of the vacuum instability.
In this section we use staggered fermions [18, 19] , one flavor of which corresponds to four fermion flavors in the continuum. With one staggered fermion, the determinant Det(D) is real but can be negative due to φ fluctuations. Then the partition function integrand is not positivedefinite and Monte Carlo integration cannot be applied. To overcome this problem, we simulate two staggered fermions, corresponding to eight continuum flavors, as [Det(D)] 2 guarantees a positivedefinite density.We used staggered fermions only in the very early phase of our simulations. The complicated taste structure of staggered fermions with the related rooting issues and the lack of full chiral symmetry motivated the switch to chiral overlap fermions which are used now exclusively in our Higgs project. Staggered results for the effective potential, which are used here mainly for simplicity and pedagogy, have been replaced by simulations with chiral overlap fermions.
Configurations are generated using the Hybrid Monte Carlo algorithm [20] , where a fictitious time t and momenta π(x,t) are introduced. New configurations are generated from the equations of motionφ
where the effective action S eff is given in Equation (3.7). The second term inπ(x,t) is included to enforce the constraints 1
We work with fixed lattice volumes of size 8 3 × 16. The scalar field has periodic boundary conditions, the fermionic field is periodic in the short directions and antiperiodic in the long direction. We use the standard leapfrog method to solve the equations of motion, where the step-size ∆t is adjusted to achieve acceptance rates well above 90%, and each trajectory length satisfies N t ∆t ≥ 1.
For each simulation, we generate at least 10 4 configurations and check that correlations between the configurations are small. The basic quantities of the theory are the bare fields and couplings. A particular choice of bare couplings puts us somewhere in the phase diagram and all physical quantities are now fixed.
A separate constrained simulation is run for each value of Φ 0 to calculate the effective potential derivative. The expectation values we measure on the lattice are bare ones, so the simulations give the bare equivalent of Equation (3.10), namely 13) which is converted using the relationship between the bare and renormalized fields,
We measure the wave function renormalization factor Z φ in separate unconstrained simulations. We want to follow the behavior of U eff as we approach the continuum limit, the critical surface in the bare-coupling space. We make an arbitrary choice y 0 = 0.5 and λ 0 = 0.1. The distance from the continuum limit is determined by the remaining bare coupling m 2 0 . We obtained results for three choices m 2 0 = 0.1, 0.25 and 0.29. Typical non-perturbative measurements of the derivative dU eff /dΦ are shown in Figure 3 . All dimensionful quantities are in lattice units, e.g. a · Φ. What do we expect to see? In the Higgs phase of the theory, U eff should have a local maximum at the origin and a local minimum for some non-zero a · Φ. If the vacuum is stable, the local minimum is in fact an absolute one. Let us first look at the results for m 2 0 = 0.1, shown in Figure 3 . The simulations show that dU eff /dΦ vanishes at the origin and at a·Φ ≈ 2.0; these are the extrema. The derivative is negative between these points, so the origin is indeed a local maximum. For a·Φ > 2, the derivative is always positive and the local minimum appears to be an absolute one. If the vacuum is unstable, dU eff /dΦ should turn negative at large a · Φ, for which the simulations show no evidence. In these units, the lattice cutoff is Λ = π/a and the ratio of cutoff to scalar expectation value is Λ/v ≈ 1.5. This is far from the continuum limit. We vary the bare mass to get closer to the critical surface and the continuum limit for bare masses m 2 0 = 0.25 and 0.29 respectively. The simulations show the same qualitative behavior for U eff : the origin is a local maximum, there is an absolute minimum for some non-zero aΦ and no sign of an instability in the potential. The minimum occurs at aΦ ≈ 0.81 and 0.47 respectively, for which Λ/v ≈ 3.9 and 6.7, pushing towards the continuum limit.
The first check of these calculations is to run separate unconstrained simulations with the same bare couplings, where ∑ x φ (x) is allowed to fluctuate freely, and to measure independently v = φ . This expectation value should be identical to the value of Φ where U eff has an absolute minimum, as determined by the constrained simulations. In the unconstrained simulations, the second term forπ(x,t) in Equation (3.11) is omitted. The results of the unconstrained simulations are given in Table 1 . There is indeed perfect agreement between the measurements of aφ and the location of the U eff minimum obtained from the constrained simulations. The continuum perturbation theory calculation of U eff is also shown in Figure 3 . We only display the large N F result: not surprisingly, for N F = 8, the Higgs-loop contributions are negligible and can be omitted. We see excellent agreement with the non-perturbative simulations for Φ v, as shown in the left side plot. However, the behavior as Φ increases is completely different, as shown in the right side plot. Continuum perturbation theory breaks away from the simulation results and predicts that the vacuum becomes unstable, with dU eff /dΦ turning negative. The exact non-perturbative calculation shows no indication of this.
What can we conclude from the comparison? Continuum perturbation theory works well for Φ less than and even close to the lattice cutoff Λ = π/a, as shown by the very good agreement with the exact lattice calculations. This is the most that one could have expected. The instability is predicted at Φ well above the cutoff, which is completely unphysical and where one cannot expect the continuum calculation to apply. The exact effective potential, with the full cutoff dependence, is absolutely stable. The standard interpretation of the instability in the continuum U eff would be to say new physics appears at this energy scale to stabilize the ground state. But the actual cutoff of the field theory is far below this scale, especially as we get closer to the continuum limit. The instability only appears when the finite cutoff effects are ignored -there is no need for new physics. One can ask, is it possible to arrange both the standard ground state and the instability to occur well below the regulator cutoff? If so, the instability would be a genuine low-energy prediction. The answer is no in the Top-Higgs Yukawa model, if only the standard terms are included in the lattice Lagrangian. In this case the only freedom one has is the choice of the bare couplings, and nowhere in the coupling-space is a genuine instability seen. If higher dimensional operators are included, the λ 0 > 0 condition perhaps could be relaxed by adding new irrelevant operators, like the λ 6 Λ 2 φ 6 term, to keep the stability of the cutoff theory intact. This scenario requires further investigation.
It can be shown in renormalized lattice perturbation theory that the breakdown of continuum perturbation theory is due solely to the finite cutoff. A finite cutoff is used in the lattice momentum integrals for the radiative corrections and the counterterms of U eff , but otherwise the procedure is the same as in the continuum. In Figure 3 we see excellent agreement between simulations, and lattice and continuum renormalized perturbation theory for Φ/v 1. As Φ increases, lattice perturbation theory exactly tracks the non-perturbative result, showing a perfectly stable ground state. The continuum calculation breaks down, not because of large couplings, but because of the neglected finite cutoff.
Wilsonian renormalization group and vacuum instability
Most of the original work on the consistency of quantum field theory considered only idealized theories, supposedly fundamental to describe physics at arbitrarily high energies. Although in the previous section on vacuum instability and the related Higgs lower bound problem we found a non-removable intrinsic cutoff, the analysis was based on the traditional renormalization procedure. The Wilsonian viewpoint of the renormalization group provides a broader and more complete perspective on the discussion.
Wilson's running Lagrangian
In the 1970s Wilson developed a new, intuitive way of looking at the renormalization of quantum field theories based on the flow of effective Lagrangians as generated by renormalization group transformations [21] . This is based on the realization that physics as we know it seems to be described by effective quantum field theories, which are useful only up to the energy scale Λ 0 where new and yet unknown physics is reached. Some smooth intrinsic regularization is introduced (inherited from new UV physics) at Λ 0 which in Euclidean space restricts the length p 2 of all fourmomenta. Physics below the cutoff scale Λ 0 is described by a very general 'bare' Lagrangian L (Λ 0 ) with an infinite series of local terms, constrained only by symmetries. For any choice of the coupling constants in the local terms of the bare Lagrangian, the Euclidean path integral of the partition function has to be finite and well defined. The most fundamental constraint on the bare Lagrangian is the existence and stability of the functional integral which defines the Euclidean partition function. If the viewpoint of 'naturalness' is adopted, all the coupling constants of the higher dimensional operators are chosen to be of order one in units of Λ 0 . Using Wilson's exact renormalization group we can consider smoothly lowering the regularization scale to some value Λ R say, of order the energy scale E far below Λ 0 . To keep physics unchanged, the coupling constants must change with the regularization scale. Hence we have a running, or effective Lagrangian L (Λ), which flows with Λ and remains stable at every stage of the procedure in the sense of a convergent Euclidean path integral. Since we can use the Lagrangian L (Λ R ) to calculate low energy physics at the scale E, it is not the coupling constants at Λ 0 that are important, but those at the scale Λ R . The bare couplings have to be close to a critical surface if m ph /Λ 0 ≪ 1 for the low energy physical masses m ph of the theory.
An effective field theory is renormalizable if we can calculate all the S-matrix elements for processes with energy scale E, up to small errors which vanish as powers of E/Λ 0 , once we have determined a finite number of coupling constants at some renormalization scale Λ R ∼ E. These coupling constants are called relevant; all others are irrelevant. Whatever values we choose for Λ 0 (as long as it is large enough) and the irrelevant bare couplings η(Λ 0 ) (as long as they are natural enough), for a particular choice of the relevant operator set λ (Λ R ), the irrelevant operator set η(Λ R ) will be of the order of some power of (Λ R /Λ 0 ). In other words, for any point on the submanifold of relevant couplings at Λ R there is a flow towards it from a wide variety of initial Lagrangians at Λ 0 , all of these being equivalent as far as the values of S-matrix elements for processes with energies of order E ∼ Λ R are concerned. This more general aspect of renormalizability is the concept of universality. An effective quantum theory thus gives us a much more general notion of renormalizability than we had in conventional quantum field theory: the regularization need no longer be removed, and the irrelevant bare couplings need not be zero.
It is useful now to adopt the Wilsonian view on the running effective Lagrangian to the TopHiggs Yukawa model we investigated in the previous section.
Top-Higgs Yukawa model, vacuum instability, and running Lagrangian
Adapting the notion of the the running Wilson Lagrangian for the Top-Higgs Yukawa model, there are only two marginally irrelevant couplings, λ (t) and y(t), in addition to the relevant Higgs mass operator. It is important to note that the couplings for increasing t = log(Λ 0 /Λ) flow from bare λ 0 and y 0 toward their low energy renormalized values as a function of the energy scale. For example, in the large N F limit and for large t values, neglecting the irrelevant couplings, the flows are expected to look approximately the same as described by Equation (2.17). The Yukawa coupling y(t) will monotonically decrease from its bare value y 0 towards zero, at the logarithmic rate of Equation (2.15) for large t. The Higgs coupling will start from its bare value λ (0) = λ 0 and either it will monotonically decrease, or after some initial rising it will turn around and continue to decrease monotonically towards zero, at the logarithmic rate of Equation (2.16) for large t. In the Wilsonian picture, all RG trajectories flow from the general coupling constant space of cutoff Lagrangians L (Λ 0 ) Top−Higgs towards the trajectory specified by (2.15) and (2.16) with small but calculable corrections from irrelevant operators in the large t limit.
In the Wilsonian view of the running Lagrangian, the cutoff dependent Higgs mass lower bound can be determined in the space of the bare cutoff Lagrangians L (Λ 0 ) Top−Higgs from the smallest allowed value of λ (Λ R ) for a fixed Λ 0 /Λ R ≪ 1 ratio where a natural choice for Λ R is the weak boson mass m Z , or the vacuum expectation value v. This calculation is, of course, very hard to implement operationally with a large number of bare couplings. The important stability condition is the only constraint (with, or without naturalness) on the space of cutoff Lagrangians. For example, the choice of λ 0 < 0 a priori should not be excluded at the cutoff scale Λ 0 , but it requires the presence of some positive higher dimensional operator, like λ (6) 0 /Λ 2 · φ 6 , with λ (6) 0 > 0, to provide stability. Whether the Higgs mass lower bound will be necessarily associated with the limit λ 0 → 0, or the λ 0 < 0 region also needs to be explored remains an unresolved and interesting question.
In phenomenological applications an attempt is always made to simplify Wilson's framework of dealing with the full space of running Lagrangians. Invoking the Λ 0 /Λ R → 0 limit, only the running of the relevant and marginally irrelevant couplings is calculated and the effects of irrelevant operators are ignored. In addition, in the application of RG equations to the vacuum instability problem, the simplified equations on λ (t) and y(t) are running backward from the m Z scale towards the cutoff Λ 0 . This interchange of the natural Wilsonian UV → IR flow with the IR → UV integration of relevant couplings only is a nontrivial proposition because the Wilsonian RG flow is not known to be reversible, and to set all the irrelevant couplings to zero at the scale Λ R = m Z would require an unknown extension of the space of cutoff Lagrangians L (Λ 0 ) Top−Higgs , if it exists at all.
In most of the phenomenological RG applications this is not a problem. We believe, however, that the RG treatment of the vacuum instability problem requires special care. What corresponds to the unstable U eff in Figure 3 is the running λ (t) which at some scale t 0 , far below the cutoff scale, turns negative as the RG is running backward, from t = logΛ 0 /m Z towards the cutoff scale t = 1. It is a signal that higher dimensional operators must play a role to provide a continued stability to the theory on all scales. It is unlikely that a positive λ 0 on the cutoff scale can support this picture, forcing the running λ (t) to turn positive again and produce an effective potential which will turn back positive again after a second minimum which might be lower than the original one where the spontaneously broken theory was built (decay of the false vacuum). It is more likely that this scenario, if it exists at all, will require the λ 0 < 0 extension of the space of bare Lagrangians. This is an extension which remains largely unexplored and we are just beginning to investigate it.
Phenomenology from 2-loop continuum RG
Vacuum instability was first raised in [22] and it has since been increasingly refined in application to the Standard Model [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 8, 35, 36] . The state-of-the-art calculation determines the effective potential to one-loop order, with RG improvement applied up to two-loop order to the running couplings.
Results from [8] exhibit the unstable Stan- 
Figure 4:
The running Higgs coupling is plotted for different choices of the Higgs mass from our numerical solution of the five coupled 2-loop RG equations for the λ , y, g 1 , g 2 , g 3 couplings. For input, m t = 175 GeV was used with the experimental values of the g 1 , g 2 , g 3 gauge couplings. The 1-loop matching of the couplings and the starting scale of the RG was chosen at m Z .
dard Model effective potential for m H = 52 GeV and m t = 175 GeV, where the instability appears at φ = 1 TeV. The lower bound shown in Figure 1 is also taken from [8] . The finite width of the lower bound is an estimate of the uncertainty of the theoretical calculation, including the effect of unconsidered higher-order contributions. The strict lower bound for the Higgs mass can be further refined if one allows the ground state to be unstable, but demands that the time required to tunnel away from the local minimum at v = 246 GeV is longer than the lifetime of the universe [37, 38, 39, 40, 41] .
It is clear that the current experimental limits on m H bring the lower bound into play. For example, a Higgs boson with a mass of 100 GeV should indicate a breakdown of the Standard Model around 50 TeV. However, a Higgs mass in the range 160 -180 GeV apparently allows the Standard Model to be valid all the way up to the Planck scale. The occurrence of the vacuum instability mostly relies on the relative magnitudes of λ 2 and y 4 while both renormalized couplings can remain small and all three gauge couplings of the SM are included. The perturbative RG approach, if cutoff effects can be safely ignored, seems to be on solid footing. However, cutoff effects played an important role in Top-Higgs Yukawa models where only the Higgs coupling λ and Yukawa coupling y drive the dynamics. In this approximation we have shown that vacuum instability cannot be induced with the SM Higgs potential in the cutoff Lagrangian (the possible role of higher dimensional operators to induce vacuum instability remains unclear, as we noted earlier). However, in the phenomenological application, all five couplings are running and it is important to ask: for the cutoff Λ at or below the Planck scale M P , should we expect Top quark induced vacuum instability with the SM cutoff Lagrangian without adding new operators? Do we expect a qualitatively different picture when compared to the Top-Higgs Yukawa model? From Figure 4 we find that the running λ turns negative below the Planck scale for Higgs mass values lower than 135 GeV and remains negative when M P is reached. Further lowering the Higgs mass lowers the scale where λ turns negative. It remains unclear how these RG flows would be effected by holding λ 0 > 0 in the SM Higgs Lagrangian at some cutoff scale Λ. How some higher dimensional operators might provide a well-defined cutoff theory for the choice λ 0 < 0 will require further investigation.
Higgs mass lower bound from the lattice
We would like to outline and implement the first step of a robust strategy to calculate the lower Higgs mass bound as a function of the lattice momentum cutoff. The question about breaking Euclidean invariance with the lattice cutoff will eventually have to be addressed also.
Yukawa couplings of the Top and Bottom quarks
The third, heaviest generation of quarks consists of the left-handed 
The Higgs field acquires a vacuum expectation value responsible for the spontaneous electroweak symmetry breaking with φ 4 = v and the first three components vanishing. The vacuum expectation value v can be related to the Higgs coupling constant by v = 3/λ m H with the relation between the Higgs mass m H and m given by Equation (2.7).
Of the four Higgs components three represent Goldstone degrees of freedom, which at finite weak gauge coupling become the longitudinal degrees of freedom of the massive weak gauge bosons with mass m W = vg 2 /2. The fourth component corresponds to the physical Higgs boson field. We do not use the Higgs mechanism in the limit of zero weak gauge couplings and keep all four Higgs field components where the φ 1 , φ 2 , φ 3 fluctuations represent Goldstone particles with the symmetry breaking in the φ 4 direction. In the SM Lagrangian all four Higgs components are treated on equal footing where L Yukawa describes the interactions of the SU (2) L doublet Higgs field with the quark fields
2) Φ c = iτ 2 Φ * is the charge conjugate of Φ, τ 2 the second Pauli matrix, y t , y b are the top and bottom Yukawa couplings, respectively. When they are equal, the O(3) custodial symmetry of the Higgs potential is preserved after symmetry breaking. For unequal couplings, only the SU (2) L symmetry of the Lagrangian is maintained. It is easy to write out the Yukawa couplings in components:
All masses are proportional to v as they are induced by spontaneous symmetry breaking.
One-component Top-Higgs Yukawa model
We have used lattice simulations to study the Higgs-Yukawa model with a single real scalar field coupled to the Top quark with three colors using chiral overlap fermions. This theory has only a Higgs particle and no Goldstone bosons, and the Top quark color indices correspond to three degenerate fermions. We will not be able to calculate a lower bound directly relevant to phenomenology. Our purpose here is to explain in a simpler model how this non-perturbative calculation can be applied to a more realistic approximation of the Standard Model.
The Yukawa interaction Lagrangian in Equation (5.4) has a straightforward chiral lattice implementation in the overlap formulation where the chiral left-handed and right-handed fermion components are precisely defined. The simulation of the full doublet with the heavy Top and much lighter b quark would be very difficult on the lattice with two very different mass scales for m t and m b after spontaneous symmetry breaking.
One could choose for a pilot study the degenerate case y t = y b which has a recent lattice implementation [42, 43] . In this limit, there are three massless Goldstone particles contributing to Top-Higgs dynamics. When the weak gauge couplings are turned on, the massless Goldstone modes become the longitudinal components of the massive weak gauge bosons via the HiggsKibble mechanism. The limitation of the four-component model with degenerate quark doublet is the artificially enhanced fermion feedback into Higgs dynamics.
Although the degenerate model of the Top and Bottom quarks is easy to accommodate in our Higgs lattice toolbox, we chose the single component Higgs Yukawa model for our pilot study with only the Top quark included. When the weak gauge couplings are turned on, one can choose unitary gauge to eliminate the three Goldstone components. In this gauge, ignoring the weak gauge coupling effects to leading order, one is left with diagonal Top and Bottom quark Yukawa couplings where the b quark is decoupled in the y b = 0 limit. This is not a full justification for keeping the single Higgs field only, and the price to pay is the absence of feedback from the Goldstone modes into Higgs dynamics. Since the primary purpose of the initial phase of our Higgs project is to develop a comprehensive Higgs lattice toolbox and test its various uses, the limited one-component Higgs field dynamics will provide very useful information. The next logical step will be to restore the four components of the Higgs field which requires the b quark, and break the mass degeneracy moving toward the y b ≪ y t limit.
Phase diagram with chiral overlap fermions
Lattice Yukawa models with staggered and Wilson fermions were studied before [44, 45, 46] . In this work, we adopted the overlap fermion operator to represent the chiral Yukawa coupling between the Top quark fermion field and the Higgs field. Although this is the most demanding choice for dynamical fermion simulations, staggered and Wilson fermions are not suitable for our goals. We discussed some difficulties with staggered fermions in section 3. 
Using the modifiedγ 5 = γ 5 (1 − aD) gamma matrix, we define two projection operators,
The Top-Higgs Yukawa model with overlap fermions is defined by the Lagrangian
where the bare overlap fermion field ψ 0 and the overlap Dirac operator D were introduced earlier. Derivatives are represented by finite lattice differences in Equation (5.5) and summation over a=1,2,3 for Top color is understood. The gauge link matrices are set to the unit matrix in Equation (5.4). The starting point for simulations is the phase diagram of the theory in the bare coupling space of m 2 0 , λ 0 , and y 0 . The actual location of the critical surface is determined from the condition av 0 = 0 in a large set of non-perturbative lattice simulations. This is shown in Figure 5 where the critical critical hopping parameter for a particular choice of bare couplings is calculated. The Higgs part of the lattice Lagrangian is parametrized in the simulations as
with φ 0 = √ 2κφ 0 , and rescaled notationỹ 0 = y 0 √ 2κ for the Yukawa coupling. The odd number of colors of the single fermion required the application of the Rational Hybrid Monte Carlo (RHMC) algorithm for chiral overlap fermion. The first new code we developed was based on [47, 48] . This is the code which is mostly used in our Top-Higgs-QCD simulations. We also developed a special FFT version of the RHMC algorithm which exploited the special structure of the Yukawa coupling in the overlap Dirac operator of the Top-Higgs model. In the FFT code, Fourier acceleration is used in the evolution of the molecular dynamics trajectories which significantly reduced the autocorrelation time between independent configurations. The details of our RHMC algorithms will be described elsewhere.
Comparison of large N F and Monte-Carlo results
The algorithm was thoroughly tested in the large N F expansion of the model where we simulated a sequence of N F fermions, each with 3 colors, which can also be interpreted as the Top quark with 3N F colors. The N F → ∞ limit of the vacuum expectation value v and the Top mass m t were calculated in rescaled λ 0 /N F and y 0 / √ N F variables for the finite volumes of the simulations, for fixed value of m 2 0 . For a particular choice of the rescaled couplings, v and m t are plotted in Figure 6 as a function of 1/N F . The largest number of fermions was 3N F = 60 in the 
Higgs mass upper bound and the heavy Higgs particle
In this section we will review earlier results on the Higgs mass upper bound from lattice calculations and illustrate with the higher derivative (Lee-Wick) extension how a heavy particle might be exhibited without contradictions with Electroweak precision data.
Higgs sector as an effective field theory
In the Wilsonian view of section 4, the Standard Model is expected to have some yet unknown UV completion above a certain energy threshold Λ 0 . This threshold could be as high as Λ 0 = M Planck , or as low as Λ 0 = 1 TeV. Below scale Λ 0 the SM is described by the familiar degrees of freedom for the known particles, including fermions and gauge bosons, in addition to the fourcomponent Higgs field. For illustration, we will choose Λ 0 = M Planck first in the description of the Higgs sector without gauge and Yukawa couplings. Generalization to the full Standard Model does not add to the purpose of the discussion here. Lowering the cutoff into the TeV range will be part of the discussion. If the Higgs sector is treated as an effective theory, the regulator is chosen for us as an intrinsic part of the theory. Euclidean four-momenta are smoothly cut off when their lengths exceed some scale Λ 0 . In this way all momentum integrals are made manifestly convergent, and no infinities are encountered. The simplest choice is an exponential cutoff function in the propagators, 
where summation is implied over a = 1, 2, 3, 4. Only a few higher dimensional operators are included for illustration and the exponential cutoff is implicitly understood in the functional integral built on the Lagrangian of Eq. (6.2).
Higgs mass upper bound from the lattice
The highest allowed Higgs mass from the Lagrangian of Eq. (6.2) was investigated before, using lattice cutoff with c 6 , λ 6 , c 8 and all other higher dimensional couplings set to zero. Corrections from the higher dimensional operators are expected to be small, of the order of powers of m H /M Planck unless the couplings c 6 , λ 6 , c 8 , or any of the other higher dimensional couplings are pushed toward asymptotically large values. It is a limit which is considered artificial and far outside naturalness bounds.
Convincing evidence for the Higgs upper bound and its numerical value comes from lattice calculations [49, 50] where the derivatives are replaced by finite lattice differences giving up Euclidean invariance on the Planck scale. The advantage of the lattice approach is that the full λ 0 range can be scanned from 0 to ∞. This is important if the Higgs self-interaction is a marginally (logarithmically) irrelevant operator in the triviality scenario. In the limit of infinite cutoff, the largest allowed Higgs mass would be driven to zero (triviality of the renormalized Higgs coupling), but with the cutoff at the Planck scale we will get a definitive nonvanishing upper bound which is saturated at λ 0 = ∞ in the lattice approximation. The renormalized Higgs coupling at low energy can be defined as the ratio λ R = 3m 2 H /v 2 where v = 246 GeV is the vev of the Higgs field (the fourth component of the O(4) field), and m R is a renormalized Higgs propagator mass which is related in two-loop perturbation theory to the physical Higgs mass by the relation m H = m R [ 
Based on non-perturbative lattice studies, we expect that the largest Higgs mass is obtained in the λ 0 → ∞ limit. For any choice of λ 0 in the O(N) Higgs model we have 1 (16π 2 ) 2 . The relevant choice is N=4 for the Standard Model. The non-universal amplitude C(λ 0 ) is determined from matching to lattice calculations in the range 2π ≤ Λ/m H ≤ 100 [49, 50] , leading to the upper bound m H = 145 GeV in the λ 0 = ∞ limit, if the cutoff is at the Planck scale. In principle, the lattice cutoff could be replaced by the exponential cutoff function of the continuum theory. It would be required to replace the momentum square in Eq. (6.1) by its lattice version and take the inverse lattice spacing much larger than Λ 0 . A new amplitude would emerge which could change the numerical value of the upper bound without breaking Euclidean invariance at finite cutoff. This is particularly useful when the cutoff is brought close to the low energy physical scale. In the discussion of the higher derivative extension of the Higgs sector we will show how to insert a heavy continuum cutoff scale in the theory which was turned into a practical calculation before [11, 12] . This suggests that the insertion of the exponential cutoff scale might be feasible in practical calculations. What remains the most interesting question for LHC physics is the lowering the cutoff from the Planck scale into the TeV range. This will be illustrated next in the higher derivative extension of the Higgs sector with the scale of new physics in the TeV range.
Higher derivative (Lee-Wick) Higgs sector
An interesting extension of the Standard Model Higgs sector was proposed earlier by the addition of higher derivative operators using ideas originally discussed by Lee and Wick [11, 12, 51, 52] . Recently a complete Standard Model was constructed on similar principles [13] . Both constructions eliminate fine tuning in the Higgs sector and require ghost particles on the TeV scale represented by complex pole pairs in propagators with unusual physical properties. The analysis of the heavy Higgs particle from [11, 12] will be followed in our discussion.
In the minimal Standard Model with SU (2) L × U (1) Y gauge symmetry the Higgs sector is described by a complex scalar doublet Φ with quartic self-interaction as we discussed in section 5.
Before the weak gauge couplings are switched on, it is convenient to represent the Higgs doublet with four real components φ a which transform in the vector representation of O(4).
We will include new higher derivative terms in the kinetic part of the O(4) Higgs Lagrangian, 
The Θ → 0 limit in Eq. (6.4) requires special attention. In this limit, the ghost particle becomes real and to avoid a double real pole in the propagator with problematic behavior, the choice Θ = 0 requires to drop the
the starting point of [13] .
Gauge and Yukawa couplings
Gauging the Lagrangian (6.5) remained unpublished before [53] . For completeness, we present the main results. The construction of the higher derivative U(1) gauge Lagrangian mirrors Eq. (6.5) for the special choice Θ = π/4,
with U(1) gauge field B µ and F µν = ∂ µ B ν − ∂ ν B µ . In addition to the massless gauge vector boson, the higher derivative term in Eq. (6.7) will insert a ghost particle in the spectrum of the Hamiltonian with a complex conjugate pole pair parametrized by M = Me ±iΘ . For a general complex phase Θ an additional term will appear in the Lagrangian, in close analogy with the construction of Eq. (6.4). The higher derivative Yang-Mills gauge Lagrangian for the SU (2) W weak gauge field W µ will follow a similar construction adding the dimension eight ghost term, [54] .
Labeling the components of the complex SU (2) L Higgs-doublet field as Φ = Next we will briefly summarize two important features of the higher derivative Higgs sector with the ghost mass scale in the TeV range. The RG running of the Higgs coupling freezes asymptotically and a much heavier Higgs particle is allowed in extended Higgs dynamics.
Running Higgs coupling in the higher derivative Higgs sector
This can be illustrated by calculating the scale de- pendent one-loop β -function within renormalized perturbation theory in the broken phase of the higher derivative O(N) Higgs sector [55, 56] . In addition to N-1 massless Goldstone modes, there is a massive Higgs excitation and a massive complex conjugate ghost pair appears in all N channels, as a consequence of the new derivative term in the Lagrangian. On a low energy scale µ, when t = log(µ/v) is negative, the β -function is dominated by the Goldstone modes whose one-loop contribution is N−1 2π 2 λ 2 (t). Above the Higgs mass threshold the massive Higgs loop contribution sets in and the β -function becomes N+8 2π 2 λ 2 (t) which is the familiar one-loop form in the minimal mass independent subtraction scheme of the standard O(N) model. As t increases, the complex ghost loop becomes increasingly important and well beyond the ghost scale M, for t ≫ log(M/vev), the beta-function will asymptotically vanish. The running coupling constant λ (t) first will grow as t increases, but eventually it will freeze at some asymptotic value λ (∞) as shown in Fig. 8 . Ghost loops in the higher derivative Higgs model cancel the loops effects from the low-energy SM particles in the UV region and this 'anti-screening' effect opens up the possibility for such theories to be more strongly interacting than the standard Higgs sector.
Scattering amplitudes
The Higgs particle is defined as the resonance pole in the s-channel Goldstone scattering amplitude. The Goldstone amplitude can be calculated in the higher derivative Higgs sector of the O(N) Lagrangian in the large N approximation. In addition, the Higgs particle can be investigated directly in lattice simulations of the higher derivative model, just like in the standard Higgs sector.
In Figure 9 we plotted from [55, 57] the cross section as a function of the √ s center of mass energy in ghost mass units. The location of the complex Goldstone ghost pair in the scattering amplitude of the first Riemann sheet is determined by the choice of the phase angle Θ = π/4 in the Lagrangian of Equation (6.4). The peak in the cross section corresponds to the complex Higgs resonance pole on the second sheet of the scattering amplitude.
Also plotted in Figure 9 is the scattering phase shift as a function of √ s. The phase shift has a sharp rise at the Higgs pole; however the cross section and the shape of the phase shift do not describe a standard Breit-Wigner shape in the presence of the ghosts and higher derivative Higgs dynamics. It is 'unusual' that the phase shift decreases as the energy gets through the real part of the ghost mass signaling acausal behavior in the scattering amplitude. It had been argued by Lee that this acausal behavior would only occur on microscopic scales, typical of the Compton wave length of ghosts, and it will not lead to macroscopic acausal observations. In the large N plots of Figure 9 , the bare parameters were tuned to m H = 1 TeV for the Higgs mass with the ghost threshold located at 3.6 TeV. Lattice simulations confirmed similar strongly interacting heavy Higgs physics scenarios [55, 56] .
Heavy Higgs particle and the ρ-parameter
We discussed in the introduction that a heavy Higgs particle, beyond the 200 GeV range, is not consistent with Electroweak precision data in the perturbative sense. Concerns were raised earlier that the heavy Higgs particle of the higher derivative Higgs sector will contribute to the Electroweak ρ-parameter beyond experimentally allowed limits [58] , with a sharp momentum cutoff in the TeV range and using the tree level Higgs self-energy operator Σ H (k 2 ). The reduction is quite large in comparison with the 1-loop perturbative formula. Replacing the cutoff integral by the Pauli-Villars regulator, which is appropriate for the higher derivative theory, we get similar reduction. The effects of the non-perturbative Higgs dynamics represented by a complicated Σ H (k 2 ) operator would have to be determined by non-perturbative simulations. If these reduction effects are not sufficient, one might need to add another Higgs doublet to the extended Higgs sector in the spirit of recent suggestions [59] . To exhibit a heavy Higgs particle as a broad resonance, with strong interaction and with acceptable ρ-parameter, remains an interesting challenge for lattice Higgs physics and model building.
